
A Damped Oscillator Model for Infrared Spectra

of Formamide in the Liquid State

Isao Kanesaka�;y and Eiji Mitsuhashi

Faculty of Science, Toyama University, 3190 Gofuku, Toyama 930-8555

Received August 29, 2007; E-mail: kanesaka@po6.nsk.ne.jp

Infrared spectra of formamide are wholly simulated for the in-plane modes on the basis of a damped oscillator
model, where force constants and intensity parameters and damping constants defined in every Cartesian displacement
coordinate are simultaneously adjusted. Band constants evaluated from the damped oscillator model are compared with
those observed. The present analysis reveals the relation in band widths among all vibrational modes, in other words, the
origin of band widths. Large values of the damping constant on H in the NH2 group result from inter-molecular inter-
actions, i.e., hydrogen bonds. Unexpected results of the damping constants on O, C, and N are discussed with van der
Waals forces and intra-molecular interactions.

It is well-known that the band profile of a vibrational mode
is given by the damped oscillator model, where the equation of
motion with a frictional force is treated under an oscillating
external force. This model was developed to a two-mode sys-
tem by Barker and Hopfield1 and to a many-body system by
Chaves et al.2 We have applied the two-mode system to the
analyses of dips in infrared spectra of ammonium dihydrogen
phosphate,3 the band profile of C�N stretching bands of binary
KOCN-KSCN aqueous systems4,5 and the band profile of C=O
stretching bands of acetone.6 In these analyses mechanical and
damping coupling constants are used, resulting in spectral fea-
tures similar to NMR due to the Bloch equation with chemical
exchanges.

Although the above damped oscillator model describes the
band profile of a system consisting of normal modes, it may
be possible to develop it for the analysis of the whole band
profile of vibrational spectra of a polyatomic molecule. This
may be possible by constructing the equation of motion on
the basis of the GF matrix method, treating simultaneously os-
cillating external forces and frictional forces, as done for the
damped oscillator model described above. This damped oscil-
lator model will be described in detail as well as the analytical
procedures.

In the present analysis, we neglect a transition-dipole cou-
pling between adjacent molecules, which results in the split-
ting of a strong infrared band, as reported for C=O stretching
bands of acetone.6 Hydrogen bonds and/or molecular associa-
tions are also neglected. That is, the observed infrared spec-
trum is analyzed on the basis of a single molecule. The analy-
sis was carried out for the in-plane modes of formamide, which
is a viscous liquid with a high dielectric constant,7 suggesting
the importance of motion accompanying a frictional force.

Many authors8–24 have investigated infrared and Raman
spectra of formamide in the gaseous, liquid and solid states.
Normal coordinate analysis has been done for the in-plane
modes of formamide10,15 and for the whole modes including

lattice ones.12 In the liquid state, hydrogen-bonded chain struc-
tures are suggested from Raman studies of mixtures of iso-
topomers18–21 and low-wavenumber vibrational spectra,16,17,22

although cyclic dimers15 and trimers9 of formamide are pro-
posed. The solution spectra8,9,14,15,23,24 were studied in relation
to liquid structures and binary adducts.

Damped Oscillator Model

The equation of motion of a polyatomic molecule interact-
ing with radiation field Eð�Þ may be given as1,25

M €XXþ ~BB FBX ¼ eEð�Þ; ð1Þ

where M and F are the mass and force constant matrixes, re-
spectively, and B is defined as R ¼ BX, where R and X are
the internal and Cartesian displacement coordinate matrixes,
respectively, and e is the intensity parameter column matrix
with element e. By use of the frictional force matrix or the
damping constant matrix, �, which is a square diagonal matrix
with element �, Equation 1 is re-written as

Mð €XX� � _XXÞ þ ~BB FBX ¼ eEð�Þ: ð2Þ

On the basis of the forced vibration, Equation 2 is re-written as

ð��2U� i��ÞXM þM�1=2 ~BB FBM�1=2XM ¼ tEo; ð3Þ

where U is the unit matrix, Eo the amplitude of Eð�Þ, XM ¼
M1=2X and t ¼ M�1=2e; t is the column matrix with element
t. By defining G�1ð�Þ as

G�1ð�Þ ¼ ð��2U� i��Þ þM�1=2 ~BB FBM�1=2; ð4Þ

we have

XM ¼ Gð�ÞtEo ¼ Gð�Þt; ð5Þ

in Eo ¼ 1. The linear response function or the infrared spec-
trum is given as

Sð�Þ ¼ � Im ~eeX ¼ � Im ~eeM�1=2XM ¼ � Im ~ttGð�Þt; ð6Þ

where Im means the imaginary part.
Sð�Þ is drawn by use of the initial sets of F, �, and t, byy Present address: Meirin-cho 1-242 717, Toyama 930-0001
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changing �, and they are simultaneously adjusted by the least-
squares method.

Results and Discussion

Figure 1 shows the observed infrared spectrum of form-
amide in the liquid state, where the bands arrowed are the
out-of-plane modes. In the region of the NH2 stretchings there
are three strong bands at 3404, 3329, and 3190 cm�1 with a
weak band at 3248 cm�1. The highest band has been assigned
to the NH2 asymmetric stretching and the lower two to the
Fermi doublet due to NH2 symmetric stretching and the over-
tone of NH2 bending,14 although the four bands are due to a
distorted cyclic dimer.15 In the present analysis, the NH2 sym-
metric stretching is assumed to be 3257 cm�1 in the intermedi-
ate between two bands at 3329 and 3190 cm�1 by inference
from two N–D stretching bands observed in the infrared and
Raman spectra of HCOND2.

14 The C=O stretching is observed
at 1690 cm�1 with a shoulder at 1712 cm�1. The former and
the latter are assigned to C=O stretchings due to hydrogen-
bonded molecules and monomers or molecules at the end of
a chain, respectively,9,18 although an asymmetric infrared band
profile is calculated on the basis of a transition-dipole coupling
mechanism and liquid structures derived from molecular dy-
namics simulations.22 In the isotropic Raman spectrum the
C=O stretching is observed at 1668 cm�1,18 which is weak
in the infrared spectrum. In the present analysis, only the main
band at 1690 cm�1 is used, although a large discrepancy in the
region of the shoulder at 1712 cm�1 between the observed and
calculated spectra is inevitable.

In the present analysis, formamide is assumed to be pla-
nar.26–28 Figure 2 abbreviates the atom index, s, for each atom
as As; s is used to note t or � of the s atom as ts or �s, respec-
tively. The bond lengths, r, and the angles used are: r(C=O) =
1.22, r(C–N) = 1.35, r(C–H3) = 1.10, and r(N–H5;6) = 1.00
in Å, and =�OCH

3 = 120.9, =�OCN = 124.5, =�CNH
5 = 118.4,

and =�CNH
6 = 119.6 in degrees.28 The stretching and bending

internal coordinates are denoted as �r(A–B) and �(ABC), re-
spectively. The stretching force constant, K, the bending force
constant, H, and the non-bonding force constant, F, are initial-
ly transferred from those reported by Suzuki10 and somewhat
modified. The band profile, especially the band width, depends
considerably on force constants. Hence, many interaction force
constants, Ii, were examined to obtain the coincidence between

the observed and calculated spectra, especially in the regions
of the C=O stretching, NH2 bending, C–H bending, and C–
N stretching; hereafter, the vibrational mode is abbreviated
by �i, as given in Table 2. I1, I2, and I5 in Table 1 are effective
on the band widths of �4 and �7, and I3 and I4 on that of �6. As
a result, 20 force constants were used and are probably relia-
ble. They are given in Table 1. We examined another set of
force constants to reduce the number of constants. For exam-
ple, the initial set of constants was transferred from those re-
ported by Gardiner et al.,15 who used only nine. However, a
good fit was not obtained, even though additional interaction
force constants (at least 5) were used because of large coupling
between �r(C=O) and �(NH2) or �(H3CO), which resulted in
strong intensities of �5 and �6 and a large band width of �6; the
sharp band width of �6, 20 cm�1, is one of the spectral features
in the present system. In the numerical fittings, the two out-
of-plane modes, C–H out-of-plane bending at 1050 cm�1 and
NH2 wagging at 685 cm�1, were simultaneously adjusted by
use of a Lorentzian-like band (See Eq. 8) and some combina-
tion bands observed, for example, at 2850 and 1460 cm�1 were
treated by lowering the weights.

Intensity parameters may originate from atomic charges.

Fig. 1. The observed and calculated infrared spectra of
formamide in the liquid state. The band arrowed are the
out-of-plane modes.
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Fig. 2. The abbreviation of the atom index in formamide.

Table 1. The Force Constantsa) of Formamide in the Damp-
ed Oscillator Model

K(C–H3) 359.2 H(OCH3) 40.1
K(C=O) 801.6 H(OCN) 68.6
K(C–N) 711.1 H(H3CN) 41.7
K(N–H5) 571.8 H(CNH5;6) 49.5
K(N–H6) 613.4 H(H5NH6) 42.2
F(C���H5) 23.4
F(C���H6) 26.7
F(O���H3) 86.4
F(O���N) 135.4
F(H3���N) 65.4
I1(C=O, C–N) �11:8
I2(C=O, NH2) �4:5
I3(C=O, H3CN) 4.7
I4(C–N, H

3CN) 13.6
I5(C–N, CNH

6) 27.4

a) K, F, I1 in Nm�1, I2–I5 in 10�10 N rad�1, and H in
10�20 Nm rad�2.
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Hence, those of O and N were initially taken to be negative
and those of the others positive. On the other hand, the x

and y components of ts differ. Since such a difference results
from the fact that, for example, the intensity of the N–H
stretching is stronger than that of the N–H bending or rocking,
giving rise to the larger value of t parallel to the N–H bond
than that perpendicular to the N–H bond, the two components
may be independent. The intensity of the translational mode to
the x direction is given as

ST ¼
X

es�xs

� �2
¼

X
es

� �2
�xo

2; ð7Þ

by inferring that the displacements of all atoms are the same.
Since ST should be zero, the relation of

P
s

es ¼ 0 may hold for

both the x and y directions. In the numerical fitting, the inten-
sity parameters were adjusted for Sð�Þ in Eq. 6 to be zero at
� � 0, which almost satisfies the condition of Eq. 7, as shown
later (Table 2), although Sð�Þ at � � 0 has non-zero values
due to the intensity of a rotational mode. Since the intensity
parameters are defined relatively, the results of deducing one
unknown parameter may be reliable.

Three of 12 damping constants were assumed in the course
of numerical fitting as follows: The largest value was 190
cm�1 for �5

x by inference from the band width of NH2 stretch-
ing. The smallest assumed value was �3

y , 4.0 cm
�1, from the

sharpness of �6. The relation of �6
x � �5

y was also assumed.
The assumed value of �s and the reliability of �s are also dis-
cussed later and in the Appendix. The others were adjusted in
the usual way. The calculated wavenumber of the i-th mode,
~��i, obtained from M�1=2 ~BB FBM�1=2, and the values of ts and
�s are summarized in Table 2, where the components of e

(¼ M1=2t) are also given. The calculated spectrum is given
in Fig. 1.

In Fig. 1, the calculated spectrum coincides closely with the
observed one, except for the regions of �1, �2, and �4. As ex-
pected from the formulation of the damped oscillator model,
the band profile of the i-th mode is approximately given as

Sið�Þ � � Im
T2
i

~��2i � �2 � i��i

; ð8Þ

where Ti and �i are the effective intensity parameter and
the damping constant, respectively. That is, the band profile
is approximately given by the Lorentzian. Ti and �i may
be evaluated from t and � using the eigen vector, L, of
M�1=2 ~BB FBM�1=2, as

Tc ¼ ~LLt ð9Þ

and

�c ¼ ~LL�L; ð10Þ

respectively. The numerical results of Eqs. 9 and 10 are given
in Calc. 1 in Table 3; since Ti due to Eq. 9 consists of the
x and y components, Tix ¼

P
s

tsxlsi and Tiy ¼
P
s

tsylsi, respec-

tively, the total intensity, Si ¼ ðTixÞ2 þ ðTiyÞ2, is given in
Table 3; lsi is the matrix element of L on the i-th mode.
�i consists of the contribution of �s as �i ¼

P
s

�sl2si. In

Table 3 the damping constant distribution, d.c.d., defined as
100�sl2si=�i, which corresponds to the potential energy distri-
bution in normal coordinate analysis, is given for large values
as, for example, 35�1

x , which means that 35% of �i is due to
the term �1

x .
To confirm that the observed spectrum is described approx-

imately in terms of Sið�Þ in Eq. 8 with band constants Si
and �i, the observed spectrum was decomposed in the usual
way using Eq. 8 with the equality sign for each band (model

Table 2. The Peak Positions, the Damping Constants and the Intensity Parameters of Formamide
in the Damped Oscillator Model

Peak position ~��i/cm�1

Mode Obs. Calc. 1 Assignment

�1 3404 3399 NH2 asym. str.
�2 3324, 3190 3239 NH2 sym. str.
�3 2882 2887 C–H str.
�4 1690 1690 C=O str.
�5 1608 1597 NH2 bend.
�6 1391 1392 C–H bend.
�7 1309 1310 C–N str.
�8 1090 1094 NH2 rock.
�9 608 602 OCN bend.

Damping constant �s/cm�1 Intensity parametera) ts or es/au

Atom �s
x �s

y tsx esx tsy esy

C1 46 64 10.7 37.1 23.0 80.5
O2 70 27 �10:3 �41:2 �20:0 �80:0
H3 38 4 14.5 14.5 2.2 2.2
N4 34 43 �13:1 �48:9 �12:1 �45:2
H5 190 76 35.0 35.1 16.3 16.4
H6 79 160 4.2 4.2 26.9 26.9P

es 0.9 0.8

a) ts and es are related as t ¼ M�1=2e (See Eq. 3).
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without coupling). The decomposition was carried out by use
of 11 bands of 9 in-plane modes and 2 out-of-plane modes.
The band constants by a model without coupling are given
in Calc. 2 in Table 3.

In Table 3 the differences in Si and �i between Calcs. 1 and
2 are within �14%, except for �3, which is �24%. This con-
firms that Eqs. 9 and 10 give approximately the band intensity
and width, respectively. It should be noted that the real band
intensity and width in Calc. 1 are somewhat different with Si
and �i, because �c in Eq. 10 is not diagonalized, having con-
siderable values, �26{22 cm�1, in the off-diagonal elements.
This is also true for the band profile, which is somewhat dif-
ferent with the additive one of component bands4,5 (See also
Appendix). Since the observed band profile is, of course, not
the additive one of component bands, the values of �s are ad-
justed so as to make their reliability higher. In the other words,
the observations about the band widths are more than the num-
ber of the in-plane modes, suggesting the adequacy of assump-
tions for �s described above. It should be also noted that the
values of the off-diagonal elements in �c indicate the possibil-
ity of a damping coupling with a plus or minus sign between
fundamentals in the liquid state.

The strong intensities of �1 and �2 in Table 3 result in the
large values of t5x and t

6
y in Table 2. The intensity of �4 is main-

ly attributed to the term t1y and partly to the term t2y because
jl74j � 2l84; when s in lsi is larger than 6, s specifies the atom
s-6 and lsi indicates the element on the y direction. The inten-
sity of �5, 295, is quite larger than that of �8, 62, which results
from the difference in the coupling with �r(C–N). The effec-
tive intensity of �7 is not attributed to terms t1x and t4x , that is
�r(C–N), because they cancel with term t5x , but to terms t1y
and t2y , that is �r(C=O). The relation of esx � esy is only ob-
tained in N and the large differences in the other atoms reflect
that the intensity of the stretching is larger than that of the
bending, as noted above. In the present analysis

P
s

es ¼ 0 in

Eq. 7 is almost satisfied for both the x and y components, as
seen in Table 2.

The fact that the band width is approximately given by �i ¼P
s

�sl2si means that the band widths of �1–�9 are not independ-

ent but relate closely with each other, as normal frequencies
relate to force constants. As seen in Table 3, the band width
of �4 is mainly attributed to the term �1

y (52%) and only partly
to �2

y (7%). This is a result unexpected from the hydrogen
bond of O with H5 or H6, which suggests a large contribution

of �2
y to �4, because a damping constant, that is a friction con-

stant, relates to the second derivative of a potential function,
uðrÞ, between the atom noted and adjacent molecules or atoms
with respect to the molecular or atomic distance, i.e., the effec-
tive force constant; � is given as29,30

� ¼
�m

36�m2c3

Z
r2uðrÞgðrÞd3r

� �2
; ð11Þ

where �m is the mass density of the fluid, m the mass of the
particle, c the velocity of sound, and gðrÞ a pair correlation
function. The fact that the value of �2

y , 27 cm
�1, is quite small-

er than that of �1
y , 64 cm

�1, is also unexpected from the hydro-
gen bond. Since C interacts with adjacent molecules or atoms
by van der Waals forces, the large value of �1

y indicates that
the effective force constant due to van der Waals forces is larg-
er than that due to hydrogen bonding (the component parallel
to the C=O bond); it should be noted that the value of �2

x ,
70 cm�1, may be consistent with the hydrogen bond. The
van der Waals radius of C is largest in the atoms of formamide
and the surface area too, resulting probably in the large effec-
tive force constant. The value of �2

y is also smaller than those
of N, �4

x and �4
y , as seen in Table 2. This suggests frictional

forces due to not only inter-molecular interaction but also in-
tra-molecular interactions. C and N form covalent bond with
three adjacent atoms, whereas O forms only with C. Hence,
the formers may be more acted on by larger intra-molecular
frictional forces than the latter, resulting in larger values of
�1 and �4 than that of �2

y .
The band width of �6 is attributed mainly to the term �3

x

(41%), and is quite sensitive to �3
y (11%), giving rise to the as-

sumed value of �3
y (4 cm

�1). The band widths of �5 and �8 are
76 and 81 cm�1, respectively, and their close values are realiz-
ed from d.c.d. in Table 3, where the magnitude of each term
corresponds well to each other. In Table 2 the values of �5

x

and �6
y are quite larger than that of �3

x . This indicates clearly
that the damping constant relates to the hydrogen bond.29,30

This is also true for �2
x , 70 cm

�1, as noted above.
In the low-wavenumber infrared spectrum two bands were

observed at 195 and ca. 110 cm�1.12 The higher band is as-
signed to the rotational mode about the a axis with the lowest
moment of inertia.12,16 On the other hand, the lower band may
be assigned to the rotational modes about the other axes and
also to the translational modes.22 The band widths calculated
here are 43 and 50 cm�1 for the translational modes and

Table 3. Band Constants of Formamide by the Damped Oscillator Model (Calc. 1) and the Model without
Coupling (Calc. 2)

Peak position/cm�1 Intensity Si/au Band width �i/cm
�1

Mode Obs. Calc. 2 Calc. 1 Calc. 2 Calc. 1 d.c.d.

�1 3404 1024 1013 153 148 88�6
y

�2 3257 945 917 153 149 75�5
x þ 13�5

y

�3 2882 104 89 38 29 85�3
x

�4 1690 729 833 53 56 52�1
y þ 10�5

y

�5 1608 287 295 72 76 41�6
x þ 26�5

y þ 17�5
x

�6 1391 145 138 20 22 41�3
x þ 13�2

y þ 11�3
y

�7 1309 291 276 54 52 35�1
x þ 22�5

x þ 15�4
x

�8 1090 56 62 91 81 38�6
x þ 32�5

x þ 14�5
y

�9 608 285 264 71 64 29�2
x þ 14�5

y þ 12�1
x
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63 cm�1 for the rotational mode. Since the band width of the
lower band is ca. 90 cm�1, the band may consist of some
components described above.

The damped oscillator model describes vibrational relaxa-
tion. Hence, it is not appropriate to apply the present model
to a system where rotational relaxation is important. Ojha et
al.23 have reported the isotropic Raman spectrum of HCONH2,
where no rotational relaxation is effective. The band widths
for �4, �5, �6, and �7 were determined to be 20, 62, 15, and
50 cm�1, respectively. These values are considerably smaller
than those in Table 3, especially in �4, suggesting the impor-
tance of rotational relaxation in the infrared bands. However,
the difference in the band widths between the isotropic Raman
and infrared bands is mainly due to intermolecular interac-
tions, giving rise to the non-coincidence effect, which means
the difference in the peak positions between the isotropic
and anisotropic Raman bands. According to the vibrational
coupling model applied to the C=O stretching bands of ace-
tone,6 the band widths of the isotropic Raman and infrared
bands are given as �þ f i and �� f i, respectively, where �

and f i are the damping constant of two unperturbed oscillators
and the damping coupling constant between them, respective-
ly; � and f i of �4 are evaluated to be 37 and �17 cm�1, re-
spectively. Since the damping coupling process is vibrational
relaxation, the band widths in both the isotropic Raman and
infrared bands result from vibrational relaxation in the present
system. The difference in the band widths of �5–�7 is also
explained as above. Hence, it is certain that the present analy-
sis on the basis of the vibrational relaxation is reasonable.

As seen above, the band widths in the isotropic Raman and
infrared bands differ considerably, especially in the strongly
coupled modes. Hence, it is not expected that further informa-
tion about the damping constants would be obtained from an
application of the damped oscillator model to such a spectrum
as isotropic Raman.

In the damped oscillator model describing normal modes1,2

the damping constant is used without clarifying its origin. On
the other hand, in the presented study the damping constant is
used with a clear physical meaning as a friction constant, by
also inferring that c in Eq. 11 should be the velocity in the
high frequency mode, i.e., _XX in Eq. 2, for the velocity of sound
in the low frequency mode.31 Although Eq. 11 could not be
applied to the present system as is, it is clear that the damping
constant relates to effective force constants on inter- and intra-
molecular interactions.

Summary

A damped oscillator model has been formulated to analyze
entirely the infrared spectrum and has been applied to the in-
plane modes of formamide. The main purpose of this study
was to clarify how band widths of whole vibrational modes
are determined and whether the relation in band widths among
whole vibrational modes exists or not. The fact that the infra-
red spectrum is described reasonably by the damped oscillator
model clarifies the origin of the band widths, that is �i ¼P
s

�sl2si. The relations of �
2
y < �1

y and �
2
y < �4

x or �
4
y are unex-

pected from the theory that damping constants result from in-
ter-molecular interactions,29,30 because the largest interaction
is the hydrogen bond in the present system. These suggest

the importance of van der Waals forces and the intra-molecular
interactions.

Appendix

As discussed above, the band profile of the i-th mode is given
by Eq. 8 with the equality sign, if the off-diagonal terms of �c are
zero. We consider two modes given by Eq. 8 with the equality
sign, �m and �n. Since these modes couple with each other through
the damping coupling, the infrared spectrum is given as1–6

Sð�Þ ¼ � Im ~TTGð�ÞT; ðA-1)

where Gð�Þ and ~TT are given, respectively, as

Gð�Þ ¼
�m2 � �2 � i��m i� f i

i� f i �n2 � �2 � i��n

�����
�����
�1

ðA-2)

and

~TT ¼ Tm Tn
�� ��; ðA-3)

where f i is the damping coupling constant and T the intensity
parameter. Some results are given in Fig. 3, where the numerical
conditions are: �m ¼ 1080, �n ¼ 1000, �m ¼ �n ¼ 30, f i ¼ �20,
0, or 20 in cm�1 and Tm ¼ Tn.

In Fig. 3, the infrared spectral features change in the intermedi-
ate of two modes, decreasing or increasing in intensity in response
to f i < 0 or f i > 0, respectively, as compared with the infrared
spectrum with f i ¼ 0, simultaneously increasing or decreasing
in intensity in � > �m and � < �n. In these spectra the total inten-
sity is constant independent of f i. These clearly show that the
band profile of the component bands changes from Eq. 8 with
the equality sign to a band with large asymmetry. The band profile
in the case of �m ¼ �n is discussed in Ref. 6.

Figure 4 shows the band profile of �4 and �5, whose band con-
stants are given in Table 3. The value of f i is �11 cm�1. The band
profile changes in the intermediate of �4 and �5, depending on
f i ¼ 0 or �11 cm�1, giving rise to a good fit with the observed
spectrum given in Fig. 1. This means that the damping constants
in Table 2 are adjusted so as to give the off-diagonal element of
�4 and �5 of �11 cm�1, adding the limitation to their values,
which may make their reliability high, as noted in the text. Further
damping couplings take place among �1–�9, resulting in high
reliability of the damping constants and in the calculated spectrum
in Fig. 1; it should be noted that the effect of the damping

Fig. 3. The infrared spectral changes due to damping cou-
pling. The numerical conditions are: �m ¼ 1080, �n ¼
1000, �m ¼ �n ¼ 30, f i ¼ �20 (dashed-dotted line), 0
(solid line) or 20 (dotted line) in cm�1 and Tm ¼ Tn.
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coupling on the band profile depends, of course, on the separation
of �m and �n.
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Fig. 4. The band profile on �4 and �5 by use of the band
constants given in Table 3 with f i ¼ 0 (dotted line) or
f i ¼ �11 cm�1 (solid line).
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